A multidimensional generalization of Melvin's solution for an arbitrary simple Lie algebra G is presented. The gravitational model contains n 2-forms and l ≥ n scalar fields, where n is the rank of G . The solution is governed by a set of n functions obeying n ordinary differential equations with certain boundary conditions. It was conjectured earlier that these functions should be polynomials (the so-called fluxbrane polynomials). A program (in Maple) for calculating of these polynomials for classical series of Lie algebras is suggested (see Appendix). The polynomials corresponding to the Lie algebra D 4 are obtained. It is conjectured that the polynomials for A n -, B nand C n -series may be obtained from polynomials for D n+1 -series by using certain reduction formulas.
Introduction
In this paper we deal with a special multidimensional generalization of the well-known Melvin solution [1] . This generalized solution is related a simple Lie algebra and is a special case of the socalled generalized fluxbrane solutions from [2] . For fluxbrane solutions see [2] , [3] - [8] and references therein. For more general classes of solutions see also [9, 10] .
We remind the reader that the generalized fluxbrane solutions are governed by functions H s (z) > 0 defined on the interval (0, +∞) and obeying the non-linear differential equations
with the following boundary conditions:
2) s = 1, ..., n , where P s > 0 for all s . Parameters P s are proportional to brane charge density squared Q 2 s and z = ρ 2 , where ρ is a radial parameter. The boundary condition (1.2) guarantees the absence of singularity (in the metric) for ρ = +0 .
Here we assume that (A ss ′ ) is a Cartan matrix for some finite dimensional simple Lie algebra G of rank n ( A ss = 2 for all s ). According to a conjecture suggested in [2] , the solutions to Eqs.
Integers n s are components of a twice dual Weyl vector in the basis of simple co-roots [11] . It was pointed in [2] that the conjecture on polynomial structure of H s may be proved for A n and C n Lie algebras along a line as it was done for black-brane polynomials from [12] (see also [10] ). It should be also noted that the set of polynomials H s defines a special solution to open Toda chain equations [13, 14] corresponding to simple Lie algebra G .
The solution
We consider a model governed by the action
Let us consider a family of exact solutions to the field equations corresponding to the action (2.1) and depending on one variable ρ . These solutions are defined on the manifold
where M 1 is a one-dimensional manifold (say
4)
, obey the equations (1.1) with the boundary conditions (1.2) and
The parameters h s satisfy the relations
where
is the Cartan matrix for a simple Lie algebra G of rank n . It may be shown that if the matrix (h αβ ) has an Euclidean signature and l ≥ n , there exists a set of co-vectors λ 1 , ..., λ n obeying (2.9). Thus the solution is valid at least when l ≥ n and the matrix (h αβ ) is a positive-definite.
The solution under consideration may be verified just by substitution into the equations of motion corresponding to (2.1). It may be also obtained as a special case of the fluxbrane (for w = +1 , M 1 = S 1 ) and S -brane ( w = −1 ) solutions from [2] and [8] , respectively.
If w = +1 and the (Ricci-flat) metric g 2 has a pseudo-Euclidean signature, we get a multidimensional generalization of the Melvin's solution [1] . Recall that the Melvin's solution corresponds to n = 1 ,
and g 2 of Euclidean signature we obtain a cosmological solution with a horizon (as ρ = +0 ) if M 1 = R ( −∞ < φ < +∞ ).
Fluxbrane polynomials
Here we present polynomials corresponding to the Lie algebra D 4 = so (8) . These polynomials were obtained using a program written in Maple. The program is given in the Appendix (it was described in [15] ).
For the Lie algebra D 4 we find the following set of polynomials Setting P 4 = +0 , we get a triple of polynomials (H 1 , H 2 , H 3 ) for the Lie algebras A 3 = sl(4) . For P 3 = P 4 we obtain a set of polynomials (H 1 , H 2 , H 3 ) for the Lie algebras B 3 = so(7) . The A 3 -polynomials for P 1 = P 3 give us a pair of C 2 = sp(2) -polynomials (H 1 , H 2 ) [8] . (For P 1 = P 3 = P 4 we obtain G 2 -polynomials from [8] .)
This prescription could be generalized to higher ranks by using the following Conjecture: i) the set of A n -polynomials is given by the first n polynomials for the Lie algebra D n+1 when P n+1 = +0 ; ii) the set of B n -polynomials coincides with the first n polynomials for the Lie algebra D n+1 when P n = P n+1 ; iii) the set of C m+1 -polynomials coincides with the first m + 1 polynomials for the Lie algebra A 2m+1 when the following relations are imposed: P 1 = P 2m+1 , P 2 = P 2m , ..., P m = P m+2 . An analytical proof of this conjecture will be a subject of a separate work. At the moment, one can verify these relations just by using the program from the Appendix.
Conclusions
We have presented a multidimensional generalization of the Melvin's solution for an arbitrary simple Lie algebra G . The solution is governed by a set of n fluxbrane polynomials. We have written a program for calculating of these polynomials for the classical series of Lie algebras (see the Appendix). The set of polynomials corresponding to the Lie algebra D 4 is obtained. The polynomials considered above define special solutions to open Toda chain equations corresponding to simple Lie algebras that may be of interest for certain applications of Toda chains.
We have conjectured (without proof) certain relations between polynomials belonging to different series of classical Lie algebras. These relations tells us that the most important is the calculation of D n+1 -polynomials, since all other polynomials (e.g. A n -, B n -and C n -ones) may be obtained from the polynomials for D n+1 -series by using certain reduction formulas. A calculation of polynomials for exceptional Lie algebras (i.e. G 2 , F 4 , E 6 , E 7 , E 8 ) will be described in a separate publication.
As it was noted, the solution under consideration for w = −1 is a cosmological one. The study of this and/or some other similar cosmological solution governed by fluxbrane polynomials (e.g. in connection with the problem of acceleration) will be a subject of a forthcoming publications. 
